Motivated by M. Scharlemann and A. Thompson's definition of thin position of 3-manifolds, we define the width of a Kirby diagram and introduce the notion of thin position of a compact smooth 4−manifold with connected boundary. We determine all manifolds having width equal to {1, . . . , 1}, and give a relation between the width of M and its double M ∪ id ∂ M . In particular, we describe how to obtain genus 4g + 2 and g + 2 trisection diagrams for sphere bundles over orientable and non-orientable surfaces of genus g, respectively. By last, we study the problem of describing relative handlebodies as 2-fold covers of 4-space branched along knotted surfaces from the width perspective.
Introduction
In 1994, M. Scharlemann and A. Thompson introduced the notion of thin position of 3-manifolds. In their work [17] , they described thin position as follows:
"Any closed orientable 3-manifold M can be constructed as follows: begin with some 0-handles, add some 1-handles, then some 2-handles, then some more 1-handles, etc... and conclude by adding some 3-handles. Of course M can be built less elaborately: in the previous description, all the 1-handles can be added at once, followed by all the 2-handles. This corresponds to a Heegaard splitting of the manifold; the 0-and 1-handles comprise one handlebody of the Heegaard splitting, the 2-and 3-handles to the other. The idea of thin position is to build the manifold as first described, with a succession of 1-handles and 2-handles chosen to keep the boundaries of the intermediate steps as simple as possible."
The complexity that the above thin position seeks to minimize is the width of a 3-manifold. It is in terms of the genera of the surfaces S between the 1-and 2-handles. In dimension four, we can apply a similar reasoning to talk about thin position of a closed 4-manifold M if we add the necessary 3-and 4-handles at the end of the process. In this context, the action of alternating between 1-and 2-handles becomes a suitable decomposition of a Kirby diagram for M and the question now is what do we want "as simple as possible" to mean.
In 2013, D. Gay and R. Kirby [6] showed that every closed smooth 4-manifold admits a trisection. A trisection of a closed 4-manifold M is a decomposition of M into three 4-dimensional 1-handlebodies with pairwise intersection being a connected 3-dimensional handlebody and triple intersection a connected closed surface. One can think of trisections as the 4-dimensional analogue of Heegaard splittings of M with the "trisection surface" being the triple intersection of the 4-dimensional 1-handlebodies. Moreover, in [6] and [9] , a correspondance between trisections and certain handle decompositions of M was described.
Preliminaries
Along this note, all manifolds will be compact, smooth, oriented and connected unless the opposite is stated. For A ⊂ B an embedded submanifold of any dimension, η(A) will denote the closed tubular neigborhood of A in B. For simplicity, a 1−handlebody will mean a 4−ball with some 4-dimensional 1−handles attached and the three dimensional analugue will be called just handlebody. Given a handle decomposition of a 4-manifold M with one 0-handle B 4 , we can look at the attaching region of the 1-and 2-handles in S 3 = ∂B 4 . This information can be codified by pairs of disjoint 3-balls (corresponding to the feet of the 1-handles) and a framed link L (corresponding to the 2-handles). We will sometimes use the "dotted circle" notation to describe a 1-handle attachement [1] . Informally, the action of adding a 4-dimensional 1-handle changes the boundary by connect sum with S 1 × S 2 ; one can think of the feet of a 1-handle as 2-spheres in 3-space being identified and, we can replace such spheres by a "dotted" unknot representing the equator of the spheres. Adding a 2-handle changes the boundary manifold by integral Dehn surgery.
A Kirby diagram (or handlebody diagram) of a 4-manifold M is a finite collection D = J ∪ L of an unlink of dotted unknots J and a framed link L representing the 1-and 2-handles of a handle decomposition of M . When M is closed, it is well known [5] that 3-and 4-handles are attached uniquely, so the Kirby diagram of M carries "all" the topological information of M . When M is not closed, M will be assumed to not have 3-and 4-handles, so ∂M is the result of Dehn surgery on # |J| S 1 × S 2 along L. For a more detailed review of the calculus on handlebody diagrams, Chapter 1 of [1] or Chapters 4 and 5 of [7] are good references.
A trisection of a closed 4-manifold M is a decomposition of M in three 1−handlebodies M = X 1 ∪ X 2 ∪X 3 so that the double intersections are connected 3−dimensional handlebodies, X i ∩X j = H i,j ; and the triple intersection is a closed connected surface of genus g, Σ. It follows from the definitions that ∂X i = H i,k ∪ H i,j is a Heegaard splitting for the boundary of X i , which is homeomorphic to the connected sum of some copies of S 1 × S 2 . The triplet (Σ; H 1,2 , H 2,3 , H 3,1 ) is called the nerve of the trisection. Let α, β, γ ⊂ Σ be systems of meridian disks describing the handlebodies H 2,3 , H 1,3 and H 1,2 , respectively. The tuple (Σ; α, β, γ) is called a trisection diagram of M = X 1 ∪ X 2 ∪ X 3 . It can be shown that a trisection diagram determines M as follows:
Let (Σ; α, β, γ) be a trisection diagram for M . Then M is diffeomorphic to Σ × D 2 with 2-handles attached along α × {e 4πi/3 }, β × {1} and γ × {e 2πi/3 }, and capping-off with 3-and 4-handles the new boundary. This idea will be addressed in section 3 for especific kind of 4-manifolds.
It is important to mention that the notion of trisections of 4-manifolds won't be used directly in this paper; although the interested reader could compare this note with [6] , [12] or [9] .
The width of a Kirby diagram
In the following section, we define the notion of the width of a Kirby diagram and the width of a 4-manifold with connected boundary (possibly empty). Following [17] closely, we describe specific cases when the width of a decomposition is not minimal and classify 4-manifolds with low width. We also give a relation between the width of M and its double M ∪ id ∂ M .
Definition of width
Let M be a 4−manifold with connected boundary. Fix a Kirby diagram of M , D = J ∪ L with 1− and 2−handles J and L, respectively. We can decompose D as
where J i ∪ L i = ∅ for all i, and J = J i and L = L i . For each i define N i to be the 4−manifold obtained from B 4 by attaching 1− and 2−handles along J 1 ∪· · ·∪J i and L 1 ∪· · ·∪L i−1 , respectively. Define M i to be the 4−manifold resulting from N i after attaching 2−handles along L i . Denote the boundaries by Y i = ∂N i and Z i = ∂M i . We require that N i+1 differs from M i by the 1−handles J i+1 . This is equivalent to assuming that J i+1 is unlinked in the handlebody diagram D with respect to
We will now define complexities associated to the pairs (Y i , L i ).
If L i = ∅, we set t i to be the tunnel number of L i in Y i . Notice that, by choosing a system of t tunnels for L i in Y i , we obtain a Heegaard surface Σ of genus g = t + 1 with L i in the core of one of the handlebodies. The pair (Σ, L i ) is said to be an admissible pair by definition (see [12] ). Define,
Let Σ i be a minimal genus surface so that (Σ i , L i ) is an admisible pair. Define the complexity
If L i = ∅, define g i to be the Heegaard genus of Y i and c i := 2g i − 1. We say that M has a thin position if there is
It is important to mention that the infimum is always achieved; so for smooth compact 4−manifolds the width always exists. For completeness, we include a proof of this fact in Lemma 2.3.
Remark 2.2. By vacuity, the empty diagram has empty width so width(S 4 ) = ∅. For non-empty diagrams, the width will be a finite multiset of odd integers c i ≥ 1, ∀i. By construction, each c i ≥ −1; moreover, c i = −1 implies that L i = ∅ and HG(Y i ) = 0. But also J i = ∅ forces and, since
Lemma 2.3. Let X be the set of all sequences of non-negative integers with finitely many non-zero elements endowed with the order described above. Then any non-empty set has a minimal element.
Proof. Let A ⊂ X be non-empty. For an element P ∈ X, we define P (k) ∈ N ∪ {0} to be the k−th largest element in P. Take B (0) = A and define the set A (1) = {P (1) |P ∈ B (0) }. Since A (1) ⊂ N∪{0} we can consider α 1 = min(A (1) ) and B (1) = {P ∈ B (0) |P (1) = α 1 }. We inductively define the sets
. By definition, the sequence (α n ) n is decresing in N ∪ {0} so it is stationary; say α n = α ≥ 0 for all n ≥ N . Let P ∈ B (N ) , by construction P (j) = α j for all j ≤ N . For l ≥ 0 we have the following inequalities,
Thus, P (m) = α for all m ≥ N . But P ∈ A so all but finitely many components are non-zero. Hence α = 0 and P = min(A).
We will need the following computation of the tunnel number of split links.
Proof. We will prove the equation for K 1 , K 2 = ∅, the other case is similar. One can see that the LHS is smaller by constructing a system of tunnels of cardinality t
We now prove LHS ≥ RHS. Let t ⊂ X be a system of tunnels for K in X with |t| = t X ( K), and let H = η( K ∪t), H = X −int(H), Σ = H ∩H . By construction, Σ is a Heegaard splitting of genus t X ( K) + 1 for X − int(η( K)) with H a handlebody and H − int(η(K)) a compression body with inner boundary the collection of tori given by ∂η( K). An application of Haken's Lemma gives us the existance of a sphere S intersecting Σ in one simple closed loop, separating X in punc(X 1 ), K 1 and punc(X 2 ), K 2 , here punc(A) denotes A minus an open 3-ball. In other words, (Σ; H, H ) is the connected sum of Heegaard splittings for X 1 and X 2 , say (
) is a compression body with inner. boundary the tori ∂η(K i ). But recall that a compression body deformation retracts to the wedge of its inner boundary with a finite collection of arcs in the interior of the compression body with endpoints in the inner boundary. Thus, H i is the tubular neighborhood of the union of K i with a collection of t i arcs with endpoints on K i . This shows that t i ≥ t X i (K i ). By last, notice that t i + 1 = g(Σ i ) and, since Σ = Σ 1 #Σ 2 , we get
Hence, LHS ≥ RHS.
Ways to decrease the width
The following proposition describes ways to decrease the width of a handlebody diagram of M .
one of the following conditions:
Proof.
We have two cases; either
. In any case, we can remove the handles
, respectively, to reduce the width.
Suppose both
We will show that L i+1 and J i+1 are both non-empty. Suppose first L i+1 = ∅. In particular J i+1 = ∅ and c i+1 = c i + 2|J i+1 |. If we consider the new decomposition of D by merging (taking the union of) J i and J i+1 we will get the multiset {c j |j = i}, which has lower width, a contradiction. In a similar fashion, suppose that J i+1 is empty: By defining L i to be L i+1 , we obtain a new decomposition D with width being the multiset {c l : l = i}, which is smaller thus a contradiction to the minimality.
Suppose now that L i = ∅ and both L i+1 and J i+1 are non-empty. Notice that N i+1 is the resulting 4−manifold of attaching 1−handles along J i ∪ J i+1 to M i−1 . Thus, if we take the new decomposition given by merging J i and J i+1 , the complexity on the level corresponding to ∂N i+1 will not change. The width of this new decomposition will be the original width minus the element c i ≥ 1; which is strictly lower.
Therefore, L i has to be non-empty if i < N .
To prove ths, we will show that if there exists a sphere S ⊂
and J i with J i+1 has larger width. With this setup, we label A and B so that conditions (a) and (b) become
Take S as before and suppose, by part 1, both L i and L i+1 are non-empty. Using the second part of Lemma 2.4, we compute the complexities
Here, to add a link between brackets means to do surgery along it. In the new decomposition the complexities c i and c i+1 will be replaced by the complexity c given by
On one hand, by the definition of the tunnel number, taking Y = B[J i+1 ] in the Equation (1) of Subsection 2.1, we can conclude that
On the other hand, recall that a system of tunnels for a framed link in a 3−manifold induces a Heegaard splitting for the surgered manifold. Thus,
To see that the new decomposition has larger width, we need to check that either ( c ≥ c i and c > c i+1 ) or c > c i and c ≥ c i+1 . If we assume one of the conditions stated in the proposition, one of the inequalities in the procedure above becomes strict and so, the result follows.
Regarding part 2 of Proposition 2.5, we wonder if L i is also non-split in Y i . This would be analogous to say that the pair (Y i , L i ) is strongly irreducible in the sense of [17] . Maybe a result of the following form is true: if L i splits in Y i then there is a new handle decomposition or a new sphere disjoint from the 1−handles in J i . Then apply part 2 to reduce the width.
The following lemma states that the width of a decomposition is invariant under certain types of sliding. More precisely, if we slide handles on later levels along previous handles, the width does not change. It follows that if a level J i ∪ L i is a pair of cancelling handles for Z i−1 , we can remove such handles from the decomposition, decreasing the width. Proof. In terms of the attaching regions of the handles, sliding A along B corresponds to an isotopy of the attaching circle of A in Y j , not affecting the values of c l .
Suppose D is a thin position of M . Suppose there is a dotted circle α ∈ J i and a framed knot β ∈ L i such that α is unlinked with L i − {β}. In order to erase the pair (α, β) from the diagram, we need to slide along β the other 2−handles of D linking with α. By assumption, such 2−handles can only be in L k (k > i); so we can slide them along β without changing width(D) and then erase the pair (α, β); reducing the width of D.
Manifolds with small width
By taking the simplest Kirby diagrams for S 1 × S 3 , ±CP (2) we see that all these have width equal to {1}. We will now show that no other 4−manifold has such width. We also study the equation
Proposition 2.7. Let M be a closed 4−manifold satisfying width(M ) = {1}. Then M is diffeomorphic to either S 1 × S 3 or ±CP (2). 
This forces n to be 0 or ±1, which implies that M is either S 4 or ±CP (2).
Assume the second case: L 1 = ∅ and |J 1 | = 1. Since t 1 = 0, a neighborhood of L 1 induces a genus 1 Heegaard splitting of S 1 × S 2 . Uniqueness of such splittings implies that L 1 links with J 1 once and that J 1 ∪ L 1 is a 1/2−cancelling pair for M . In particular we conclude M ≈ S 4 .
Proposition 2.8. Let M be a 4-manifold with connected boundary and suppose D is a decomposition of M of minimal width equal to {1, . . . , 1} with N ≥ 2 ones. Then M is diffeomorphic to either ±CP (2)#R, (S 2 × S 2 )#S where width(R) and width(S) is a set of (N − 1) and (N − 2) ones, respectively; or we can perturb D (without altering the width) so that If |J 1 | = 1 then uniqueness of genus one Heegaard splittings for S 1 × S 2 allows us to conclude that L 1 ∪ J 1 is a 1/2−cancelling pair. But Lemma 2.6 implies that D is not minimal, a contradiction.
is the unknot with framing say n 1 ∈ Z. By looking at c 2 = 1 we get that HG(Y 2 ) ≤ g 2 = 1.
, which forces n 1 to be ±1. With this, we can slide all the 2−handles of D linking with L 1 (see Figure 1 )
. Lemma 2.6 states that the width will not change. In particular M = ±CP (2)#R for some R with width smaller or equal to {1, . . . , 1
Case 2A: HG(Y 2 ) = 1 and J 2 = ∅. In particular |J 2 | = 1 and Z 1 = S 3 hence n 1 = ±1. We can then proceed like in Case 1 to get a decomposition M = ±CP (2)#R with R having width less than N − 1 ones. 1) is a solid torus so that the push-off of L 1 with framing n 1 bounds a meridian disk in W 1 . Since c 2 = 1, we get t Y 2 (L 2 ) = 0 and, by uniqueness of genus one Heegaard splittings for lens spaces, we conclude that L 2 is isotopic (in Y 2 ) to the core of either
Suppose L 2 is isotopic to the core of W 1 . Let f : ∂W 1 → ∂V 1 be an orientation reversing homeomorphism mapping the meridian of ∂W 1 , say m, to the curve with framing n 1 on L 1 in ∂V 1 . Let µ, λ ⊂ ∂V 1 be the meridian and prefered longitude of ∂V 1 induced by L 1 ; λ is the boundary of the meridian of η(L 1 ). By construction, f (m) = µ + n 1 λ. We can take f and l ⊂ ∂W 1 a longitude of ∂W 1 so that f * :
in the ordered basis {λ, µ}, {m, l} is given by the matrix n 1 1 1 0 . We make such choice since the map f is determined up to isotopy by m → µ + n 1 λ.
In particular, L 2 ⊂ W 1 is isotopic in W 1 to λ and so it can be pushed into V 1 , being parallel to µ. Hence, we can assume that L 2 is isotopic to the core of V 1 . Then L 1 ∪ L 2 is a Hopf link with framings say (n 1 , n 2 ). If one of n 1 , n 2 is zero, we get Z 2 = S 3 and the 4−manifold obtained from L 1 ∪ L 2 and capping off with a 4−ball the resulting manifold is a S 2 −bundle over S 2 . Thus M decomposes like S#R with S = S 2 × S 2 or S 2× S 2 ≈ CP (2)#(−CP (2)) and R a 4−manifold with width less than N − 2 ones. Proof. S 2 × S 2 admits a Kirby diagram given by a Hopf link L 1 ∪ L 2 where both 2-handles have framing 0. Notice that such decomposition and Proposition 2.7 conclude that width(S 2 × S 2 ) = {1, 1}.
Suppose now width(M ) = {1, 1}. By Proposition 2.8, M admits a Kirby diagram given by a Hopf link L 1 ∪ L 2 with framings n 1 and n 2 , respectively. If one of n 1 , n 2 is zero, the 4−manifold obtained is a S 2 −bundle over S 2 ; i.e. either S 2 × S 2 or S 2 ×S 2 . When n 1 n 2 = 0, it is known [15] that Z 2 ≈ L(p, q) where
Since M is closed, we must have Z 2 to be either
we get in all cases Kirby diagrams for
Theorem 2.10. Let M is a prime 4−manifold with connected boundary and width equal to {1, . . . , 1}, then M is either S 1 ×S 3 , S 1 ×B 3 , or admits the Kirby diagram of a linear plumbing of disk bundles over the sphere.
Proof. Let D be a thin position for M of width equal to {1, . . . , 1} for some N ≥ 3 ones. By part 0 of Proposition 2.5, we may assume that no Z i is homeomorphic to S 3 (i > 0). Proposition 2.8 allows us to choose D so that
] is a genus one Heegaard surface for Y i .
For i = 3, we can decompose the lens space Y 3 as the union 
We have shown that we can perturb D (without changing the width) so that L 1 ∪ L 2 ∪ L 3 are isotopic to the link in Figure 2 . Also, we noticed that if W i (i = 1, 2, 3) is the solid torus apearing in
is a product region. We can proceed inductively, repeating the argument above to conclude that D is the Kirby diagram of a "linear" plumbing of disk bundles over spheres. Remark 2.11. In the definition of width of a 4-manifold in Subsection 2.1, it is important to mention that for closed 4-manifolds or for handle decompositions with 3-handles, one can choose to start with several 0-handles and to add the 3-handles of the decomposition between L i and J i+1 . Given that the goal of this note was to introduce a complexity for Kirby diagrams, we decided to push the 3-handles to the end and to restrict our arguments to one 0-handle. For this alternative decomposition, results like Proposition 2.5 and Theorem 2.10 are expected to hold. Moreover, if one tries to mimic the untelescoping procedure in dimension three [16] on the context of trisections of closed four manifolds, adding some 3-handles after the 2-handle attachements makes more sense. We can refine the above decomposition of J ∪ L ∪ L as follows. It is important to mention that if one decides to add the 2-handles L i after L i (or at the same time), the tunnel number of L i+1 in Y i+1 will be equal to the tunnel number of L i+1 in Z i [J i+1 ]; allowing the complexity c i+1 to change with no control. Hence, the upper bound on Proposition 2.12 is expected to be sharp only for special cases.
Width under specific operations
Example 2.14 (Sphere bundles over surfaces). Let g, n ∈ Z, g > 0 and denote by S g , N g the orientable and non-orientable surface of genus g, respectively. Let X g,n , Y g,n be the disk bundles over S g and N g with Euler number n, respectively. Kirby diagrams for X and Y with only one 2-handle are known (Fig. 3) , so stimates for the width of such 4-manifolds can be found. More explicitly, for g > 0, width(X g,n ) ≤ {4g + 1} and width(Y g,n ) ≤ {2g + 1}. Using Proposition 2.12, we obtain estimates for the width of the corresponding doubles; i.e. sphere bundles over surfaces.
width(D(X g,n )) ≤ {4g + 1, 4g + 1} and width(D(Y g,n )) ≤ {2g + 1, 2g + 1} For this particular examples, one can add all 2-handles of D(X g,n ) (resp. D(Y g,n )) at the same time and get tunnel numbers 2g + 1 (resp. g + 1). Lemma 2.3 of [12] describes a recipe to cook a genus m trisection diagram for a closed 4-manifold given an admissible pair of genus m; thus we can draw diagrams for D(X g,n ) (resp. D(Y g,n )) of genus 2g + 2 (resp. g + 2). For completeness, we draw the diagrams for genus 1 case in Figure 4 . 
Symmetries of relative handlebodies
In [17] , M. Scharlemann and A. Thompson proved that 3-manifolds of width < {5} are 2-fold branched covers of connected sums of S 1 × S 2 . In this section, we relate ideas of trisections of 4-manifolds from [9] , [10] , [11] and [12] to discuss an attempt of lifting this result to 4-manifolds with connected boundary. Subsections 3.1 and 3.2 study a way to "trisect" relative Kirby diagrams and symmetries on them.
Nerves of relative handlebodies
We will describe a way to decompose 4-manifolds obtained by 2-handle attachements on collars of closed 3-manifolds. This can be thought as a "new" way to trisect such manifolds. The ideas in this subsection are motivated from the notion of a Heegaard-Kirby diagrams introduced in [9] .
For a closed surface F and a collection of pairwise disjoint simple closed curves ε ⊂ F , denote by F |ε the closed surface resulting from compressing F along ε. In other words, F |ε is obtained by capping-off with 2-disks the boundary components of F − ε.
Let Σ be a closed surface of genus g ≥ 1 and let α, β, γ ⊂ Σ be three collections of g pairwise disjoint non-separating simple closed curves determining three handlebodies H,H and H , respectively. Suppose H ∪ Σ H is a Heegaard splitting for # k S 1 × S 2 . We build a 4-manifold Z(Σ; α, β, γ) as follows: Attach 2-handles to Σ × D 2 along α × {e 4πi/3 }, β × {1} and γ × {e 2πi/3 } with framings induced by Σ. The resulting 4-manifold, denoted by W 1 (Σ; α, β, γ), has three special 2-spheres on its connected boundary: Σ|α, Σ|β and Σ|γ. Attach one 3-handle along each sphere to obtain a 4-manifold, denoted by W 2 (Σ; α, β, γ), with three boundary components diffeomorphic to: H ∪ Σ H , H ∪ Σ H and H ∪ Σ H . Let Z(Σ; α, β, γ) be the result of capping-off with 3-and 4-handles the boundary component of H ∪ Σ H ≈ # k S 1 × S 2 . A schematic picture of Z can be found on the right side of Figure 5 .
Lemma 3.1. Z(Σ; α, β, γ) only deppends on the associated handlebodies H, H , H .
Proof. Capping-off with 3-and 4-handles the boundary component of W 2 given by H ∪ Σ H is done in a unique way by [5] , so it is enough to show that W 2 (Σ; α, β, γ) only deppends on the associated handlebodies. Recall that two collections of g pairwise disjoint non-separating simple closed curves in Σ determine the same handlebody if and only if they differ by disk slides on the surface. Thus, by the symmetry of the construction of W 2 , it suffices to check W 2 (Σ; α, β, γ) = W 2 (Σ; α , β, γ) when α and α differ by one disk slide. In this setup, disk slides correspond to 4-dimensional 2-handle slides so W 1 (Σ; α, β, γ) = W 1 (Σ; α , β, γ).
Label the components of α and α so that α 1 = α 1 and α i = α i ∀i > 1. It follows that α 1 and α 1 are disjoint, forcing Σ − (α ∪ α 1 ) to be disconnected. Let S 1 and S 2 be its two components and label them so that S 2 is a trice puncture sphere with ∂S 2 = α 1 ∪ α 1 ∪ α j 0 for some j 0 > 1. Write the corresponding components of Σ|(α ∪ α 1 ) as S 1 ∪ S 2 . Let W be the 4-manifold resulting from W 1 (Σ; α, β, γ) by attaching a 2-handle along α 1 × {e 4πi/3 } and 3-handles along S 1 , S 2 and Σ|β and Σ|γ.
Let b ≈ D 2 × D 2 be the 2-handle attached along α 1 and c i the 3-handle attached along S i , i = 1, 2. Since the framming of b is given by Σ, one can check that the intersection Σ ∩ b = S 1 × [−1, 1] when written in the coordinates of the handle. Also, the belt sphere of b, which is given by {0} × S 1 , is isotopic in ∂b to a loop of the form {t 0 } × S 1 for some t 0 ∈ S 1 . To see that, recall that the belt sphere is a component of the Hopf link {0} × S 1 ∪ S 1 × {0} in ∂b ≈ S 3 . If follows that the belt sphere of b intersects Σ in two points, one per side of α 1 in Σ, thus the belt sphere intersects S 2 in one point. On the other hand, S 2 is the union of S 2 with the cores of the 2-handles given by α 1 , α 1 and α j 0 which are disjoint from the belt sphere of b. Hence, the belt sphere of b will intersect S 2 geometrically once, thus the 3-handle c 2 cancels b. Similarly, S 1 intersects the belt of b once. In order to eliminate b and c 2 , it is necessary to slide c 1 along c 2 ; this will change the attaching sphere of c 1 from S 1 to Σ|α. Therefore, W ≈ W 2 (Σ; α, β, γ). Analogously, one can show that W ≈ W 2 (Σ; α , β, γ), and so Z only deppends on the handlebody type. There is a correspondance between 4-manifolds of the form Z(H, H , H ) and X(Y, L). For the closed case, Z is a trisection diagram and it has been proven in [6] . The proofs can be extended in our context.
The following lemma is essentially Lemma 4.1 of [11] or Lemma 14 of [6] . For completeness and due to the slight change of setting (closed case vs relative case), we include a proof. 
and only critical levels of index 2 only at t = 1. The flow of h restricted to H × {0} induces an injective isotopy in X between H × {0} and the handlebody Y [L] − H , thus a product region. We can use the latter region to add a copy of Σ × I to H and consider the three handlebodies to intersect simultaneously at the surface Σ (see Figure 5) . By construction, H ∪ Σ H is a Heegaard splitting for a connected sum of g − |L| copies of S 1 × S 2 . 
Proof. Since H ∪ Σ H = # k S 1 × S 2 , there are collections of g curves α, γ ⊂ Σ determining H and H , respectively, such that α l = γ l , ∀1 ≤ l ≤ k and |α i ∩ γ j | = δ i,j , ∀k < i, j ≤ g. The desired link is given by L = {γ i : k < i ≤ g}. Notice that the β curves, which induce H , are useful to determine the embedding of Σ into H ∪ H and so L. 
Symmetric nerves
In this section X will denote a 4-manifold of the form X = X(Y, L) for some Y, L. Definition 3.6. We say that a nerve T = (Σ; H, H , H ) for X is 2-symmetric if there is an involution τ of Σ extending to the interior of each handlebody such that τ is conjugate to the hyperelliptic involution on each handlebody.
Using ideas of [10] one can show that if T is a 2-symmetric nerve of X, then the involution τ : Σ → Σ extends to an involution on X.
Proposition 3.7. Let L ⊂ Y be a framed link inside a closed 3-manifold and let T = (Σ; H, H , H ) be a nerve for X = X(Y, L). If T is 2-symmetric, then X is a 2-fold covering of S 3 × I branched along a properly embedded knotted surface with boundary in both S 3 × {0, 1}.
Proof. By fixing a model handlebody of genus g, we can assume H, H , H are standard and take maps f αβ , f βγ , f γα between the corresponding boundaries codifying the pairwise intersections. Let τ be the involution of Σ extending to the three handlebodies. By assumption, τ commutes with the f −maps and we can then descend them to the boundaries of the quotients B := H/τ , B := H /τ , B := H /τ ( Figure 6 ).
The quotient map on each handlebody q τ : H → B 3 is a 2-fold branched cover of B 3 along collections of g + 1 boundary parallel arcs in B 3 , say θ α , θ β and θ γ . Since, L is a subset of the core of H, each component of L is dual to a meridian disk of H, and the 3-manifold H ∪ Σ H is a connected sum of k := g − |L| copies of S 1 × S 2 . Heegaard splittings of these manifolds are unique up to isotopy, so the involution is also unique on H ∪ Σ H . Thus, θ γ ∪ θ α is an unlink in B ∪ B ≈ S 3 , which bounds a unique collection D of trivial disks in B 4 by Lemma 2.3 of [11] . By Remark 3.5, the tuple (Σ/τ ; B, B , B ) is a nerve for S 3 × I and one can complete θ α ∪ θ β ∪ θ γ ⊂ B ∪ B ∪ B to a properly embedded surface K 2 ⊂ S 3 × I by attaching the collection D along θ γ ∪ θ α . By construction,
We can now take the double branched covering of S 3 × I along K 2 and lift the nerve of S 3 × I to a nerve for the resulting 4-manifold; recall that the 2-fold cover of a 4-ball branched along a collection of trivial disks is a 4-dimensional 1-handlebody. By construction, the new tuple is indeed equal to the original nerve for X (Σ; H, H , H ). Lemma 3.1 concludes that X is the double branched covering of S 3 × I along K and that the involution on T extends to all X. 
The bands of v correspond to saddles of K 2 ocurring inside the collection of disks D that θ α ∪ θ γ bounds in the 4-ball. One can change, if desired, the roles of γ and α in the statement of Lemma 3.9 to get the "reversed" banded diagram for K 2 .
Example 3.10. Figure 8 exemplifies the procedure of Proposition 3.7 which can be broken in four steps: Regarding the previous question, we can conclude results about 2-symmetric trisection diagrams for closed 4-manifolds like the following one. The interested reader can compare this with Corollary 11.3 of [1] or with Theorem 3 of [14] . One can think of this result as a trisection analogue of Theorem 4 in [3] . Proof. The forward part was discussed in Section 2.6 of [10] . For the backwards direction, recall that in a trisection, the triplet (Σ; H, H , H ) satisfies that the 3-manifolds H ∪ Σ H , H ∪ Σ H and H ∪ Σ H are homeomorphic to connected sums of copies of S 1 × S 2 . Thus, for each pair, we can use the argument in Proposition 3.7 about to uniqueness of involutions on such 3-manifolds, to extend the involution on all M . On M , Z i−1 and Y i cobound a submanifold given by adding 1-handles to Z i−1 × I. We are interested in when the involution on the pair (Z i−1 , Y i ) can be extended to the interior of such cobordism; obtaining involutions on bigger pieces of M . With the setup just described, we can extend the involutions in some special cases described by the following two lemmas. Proof. One can pick a small neighborhood of a fixed arc of τ close to the Heegaard surface so that τ is of the form (x, y, z) → (−x, −y, z) and Σ is given locally by {(x, y, z) : z = 0}. Then, a stabilization of the splitting is given by collapsing two disks of Σ along a boundary parallel arc on a handlebody. We can choose this arc so that the involution τ is preserves it, giving us the desired τ on Y × I (see Figure 9 ). given by g(x, w, t) = −x 2 + |w| 2 + t 2 , g models a 4-dimensional 1-handle attachement. Define σ : B 4 → B 4 by σ(x, w, t) = (x, −w, t), σ is an involution of B 4 satisfying σ(g −1 (δ)) = g −1 (δ) for all δ. Notice that B 4 /σ ≈ [−1, 1] × B 3 is again a 4-ball and that the quotient map B 4 → B 4 /σ is a 2-fold cover of B 4 branched along the 2-disk F = F ix(σ) = {(x, (0, 0), t) : |x| ≤ 1, |t| ≤ 1} g| F is given by (x, (0, 0), t) → −x 2 + t 2 which models a 2-dimensional 1-handle attachement. Take V − , V + ⊂ Y 3 be two disjoint closed 3-balls so that V ± ∩ F ix(τ ) is one arc. Pick coordinates for V ± so that V ± = {(v, t) ∈ C × R : |v| ≤ 1, |t| ≤ 1} and τ | Thus, the action of τ before and after the 1-handle in Lemma 3.14 is described by Figure 10 . In particular, if V + , V − are neigborhoords of points of the intersection F ix(τ ) Σ where Σ ⊂ Y is a Heegaard surface fixed setwise by τ , then the involution τ | C will delete the corresponding intersection points between τ C and the new Heegaard surface. 
Extending involutions
Let D = n i=1 (J i ∪ L i )N i = B 4 [J 1 ∪ L 1 ∪ · · · ∪ J i ], M i = N i [L i ], Y i = ∂N i , Z i = ∂M i and X i = M i − N i . X i is obtained by attaching 2-handles to Y i × I along L i in Y i × {1}, so let T i = (Σ i ; H i , H i , H i )
When the width is less than {5}
In [17] , M. Scharlemann and A. Thompson showed that if the width of a 3-manifold is less than {5}, then it is a 2-fold branched cover of a connected sum of copies of S 1 × S 2 . In the following subsection, we will apply the discussion of Subsection 3.3 to describe an attempt of proving the analogue of this result in dimension four, say: if D is a Kirby diagram for a 4-manifold M satisfying width(D) < {5}, then M is the 2-fold cover of connected sum of copies of S 1 × S 3 with |∂M | 4-balls removed, branched along a properly embedded surface.
The outline of the solution is analogous to the original one in [17] : we first show that the X i blocks are branched covers of copies of S 3 ×I and then we study how to paste them together preserving the Remark 3.18. Although Section 3 was written mainly to discuss the symmetries of 4-manifolds of width less than {5}, one can talk about a little more general construction of 4-manifolds than in Definition 3.2. Take a closed orientable surface Σ, pick finitely many points {t i } N i=1 ⊂ ∂D 2 and meridian systems {α i } N i=1 for handlebodies {H i } N i=1 . Let X be the 4-manifold obtained by attaching 2-handles to Σ×D 2 along α i ×{t i } for i = 1, . . . , N and capping off with 3-and 4-handles (if desired) some boundary components corresponding to Heegaard splittings of connected sums of copies of S 2 × S 1 . The tuple (Σ; {H i } i ) will be the nerve of X and Proposition 3.7 will extend to this context using the same proof. One can "wildly" ask if every 4-manifold with boundary admits such decomposition.
Proposition 3.19. Let Σ, T be as above. If T is 2-symmetric, then X is the 2-fold branched cover of S 4 with |∂X| 4-balls removed branched along a properly embedded surface.
